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Abstract 

Photon-echo decays of several impurity paramagnetic ions are calculated. The historical average of each lattice nuclear 
spin flip is described by a bivalued random-telegraph process, and the spatial average is obtained according to the crystal 
structure. The results are very close to that of Monte-Carlo simulations. A universal decay form is found, in agreement 
with the experimental observations. 
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1. Introduction 

In magnetic systems, spin flips of doped ions or 
the host lattice can cause magnetic fluctuations at 
the impurity site, and a stochastic change of the 
transition frequency of the impurity ion. It is the 
main source of a doped ion's optical dephasing 
[1, 2]. Photon echoes play a very important  role in 
the study of optical dephasing and spectral diffu- 
sion in low temperature, and the results directly 
reflect the strength of the interaction between the 
dopant  and the surrounding ions and the dynamic 
process. Both theories and experiments indicate 
that, for two-pulse photon echo, the decay can 
generally be expressed as I = I0 exp -- (4t2a/Tm) x, 

where t2~ is the pulse separation and Tm is the 
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phase storage time. Under weak magnetic field, the 
echo decays exponentially [3,4], with an increase 
of the magnetic field, it slows the spin flips in the 
environment [5]. As a result, Tm becomes longer, 
and for the paramagnetic ions with low concentra- 
tion [6, 7] or some ions which only have nuclear 
spin (Tm 3+ [8]), the echoes clearly display non- 
exponential form (x > 1). 

For  the paramagnetic ion, the optical dephasing 
is dominated by the spin-flips between the dopant  
ions because of their large electron-spin magnetic 
moment  [9]. In the low concentration sample, with 
an increase of the magnetic field, the population 
number in the upper Zeeman sublevel decreases, 
and the spin flips can be reduced strongly since the 
effective distance of the interaction becomes large 
[7]. When the magnetic field is very high, it can be 
considered as the superhyperfine limited case; the 
optical dephasing is induced only by the nuclear 
spin flips of the lattice. The large electron-mag- 
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netic-moment affects the spin flips of the lattice 
dramatically and the rates of the flips near to the 
paramagnetic ion are much smaller than those of 
the bulk [9, 10]. It seems that the spin flips form 
a frozen core around the impurity ion, and contrib- 
ute litter to the dephasing. So, as the dephasing is 
caused mainly by the spin flips far from the para- 
magnetic ion, the lattice structural details are less 
considered and the echo decays tend to have uni- 
versal form (x = 2.4) for any paramagnetic ion 
under a very high magnetic field [7]. 

The optical dephasing induced by the spin flips 
can be described as a stochastic process. Mims first 
suggested a decay form as I = I0 exp - (4t21/Tm) x 
for the spin-echo problem [11]. Hu-Har tmann  ex- 
tended it to the optical problem [12]. In their 
"sudden-jump" model, the spins A (impurity ions) 
are independent, the environment spins B (lattice) 
flip randomly between two quantum states at an 
average rate W. Taking the spatial average of spins 
B, then the history average, they found that the 
echo decay has a non-exponential form (x = 2) 
when W t  ~ 1. In the calculation of the spatial aver- 
age, they assumed continuous distant A-B spins 
and neglected the minimum lattice constant. As 
Devoe et al. have pointed [13], the treatment does 
not deal correctly with the dephasing of an ion 
which has only a nuclear spin. For  the paramag- 
netic ion, it seems to be a good approximation, 
however the effect of frozen core is hardly taken 
into account. 

Devoe et al. first simulated the optical dephasing 
in Pr 3+ :LaF3 by a Monte-Carlo method [13]. 
Recently, the photon-echo decays in Er a + :YLiF,  
[10] and ruby [14] have also been simulated by the 
same method. The results are in good agreement 
with the related experiments. In these works, the 
history of the stochastic process was simulated by 
a computer generated random number. 

In this paper, we use bivalued random-telegraph 
model to provide the average of the random history 
for each spin flip, an analytic expression for echo 
decay is obtained; then the practical lattice struc- 
ture is considered for the spatial average to calcu- 
late the photon-echo decays of some paramagnetic 
systems. Monte-Carlo, Hu-Har tmann  and our 
methods are compared. The effect of frozen core is 
discussed. 

2. Theory 

Under a very high magnetic field, the optical 
dephasing of the dilute paramagnetic ion is in the 
superhyperfine limit, it is completely induced by the 
nuclear spin flips in the host lattice. The flip-flops 
of the nuclear spin between two quantum states 
cause the stochastic fluctuation of the magnetic 
field at the impurity site. Let Ri be the distance 
between the nuclear spin i and the impurity ion, 7 is 
the gyromagnetic ratio of the nuclear spin, and 0i is 
the angle between R~ and the external magnetic 
field, the magnetic field changed by the flip of spin 
i is 

Hio = hT(1 - 3 cos 20i)/R~, (1) 

where quantum number of the nuclear spin is 1 
Because the quantum numbers or g-factors of 

a impurity ion are different in the ground and 
excited states, the change of the magnetic field may 
shift the transition frequency of the ion. 

Ai = f l (g*S* -- gS)Hio (2) 

where S, g and S*, g* are the quantum number and 
g factor in the ground and excited states, respect- 
ively, and fl is Bohr magnetic moment. 

We assumed that the dephasing induced by the 
spin flips is independent and the dephasing induced 
by each spin flip can be described by a bivalued 
random-telegraph process. The spin flips between 
two possible frequency values A and - A, the prob- 
abilities of taking A or - A  are both½. The distri- 
bution of time intervals between two adjacent flips 
is given by p(t) = W exp( - Wt) ,  and k, the number 
of flips within T satisfies the Poisson distribution 
Pk = exp(--WT)(WT)k/k! .  It is well-known that 
the decay induced by the stochastic frequency flips 
can be described by a relaxation function [15] and 
for a two-pulse photon-echo process, the relaxation 
function can be expressed as: 

( exp  ~b} = (E(t21))  

=(exp[i f]~5~o(t)dt i f,]i~Sco(t')dt'l} 
(3) 
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and satisfies the differential equation 

+ 6W + (8W 2 + 4A2) d--~2 ~ + 8 W A  2 

x ( E ( t ~ 0 )  = o ,  

(E(0))  = 1, d(E(t20)dtzx t2~=o = 0, 

dZ(E(t20) ,~, :o 
dt~l = 0. (4) 

The solution of these equations is [16] 

field, F is the bulk nuclear magnetic resonance 
linewidth (HWHM), Dis = y(Ho~ -- Hot) the detun- 
ing value of the resonance optical frequency, 
RNN the distance between the nearest nuclear spins, 
and Wo is the corresponding flip rate. One can find 
that the nuclear spins near the impurity ion have 
very slow flip rates and thus have a little effect on 
the dephasing. It is the so-called frozen core effect. 

Each spin has a mutual flip with any other spin. 
In our calculations, W~, the flip rate of spin i is the 
sum of the mutual flip rates with its neighbors, 

1 n W~ = g Yq W~j, and since each spin is taken twice, 

(E(t20)  = 

1 B 1 -- p-----~ (1 + x/1 -- p2)e-ZWt~l(1-1"Ji-z-~) 

1 1 + ~ ( 1  - -x /~ - -pZ)e  -2wt21(1+ I"/Tz~) - p Z e - Z W m  p < 1, 

(1 + 2 W t e l  + 2 w t Z O e  -2wt21 p = 1, 

e -2wt21 1 + 1 s i n  2 W t 2 1 x / p  2 - 1 --s in -1 p >  1, 
p 

(5) 

where p = A / W .  
At low temperature, the spins flip mutually by 

the magnetic dipole-dipole interaction. Under 
a high magnetic field, the nonsecular interactions 
are quenched, the mutual-flip rate can be obtained 
by Fermi's golden rule. Because the paramagnetic 
ion has a large electron spin moment, it produces 
a local field at each ion of the lattice which detunes 
its nuclear magnetic resonance frequency from 
those of the unperturbed bulk ions. The local field 
at Ri site is 

Ho, = 9flS(1 - 3 cos 20,)/R 3. (6) 

Here we assume the population is almost in the 
ground state under a weak-light excitation, so the 
g-factor in the ground state is used. Then one can 
give the mutual flip rate of spin i with j as in [10] 

W~j = Wo [FZ/(D 2 + r2)]  

0 "~2/R6q x [R6N(1 -- 3 COS 2 ij, , iiJ, (7) 

where R~j is the distance between nuclear spins 
i and j, 0i~ is the angle between R~j and the external 

1 the factor g is used. n is the number of neighboring 
spins and depends on the sample. We form the 
lattice by a computer, then get the parameter p for 
each nuclear spin in the lattice. Using Eq. (5), the 
echo-decay induced by each spin flip can be cal- 
culated. Taking their product we obtain the whole 
echo decay; N is the number of the spins in the 
calculations to ensure the results are independent 
of the lattice size. 

In the following calculations, the only free para- 
meter is Wo, which is about several kilohertz. 

3. Results and discussion 

We have calculated the photon-echo decays in 
ruby (RI(-~-), RI(-½)) ,  Er3+:YLiF4(4F9/2 ~--~ 
4115/2, HI[c-axis and HA_c-axis) and Er3+: 
LaF3 (4S3/2 ~ 4115/2). Table 1 lists the parameters 
used in the calculations. The crystal structures of 
YLiF4 and LaF3 are taken from Refs. [17,18]. The 
results fitted by I = I0 exp(--4t21/Tm) x are shown 
in Fig. 1. Tm and x compared with those of the 
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Table 1 
The parameters used in calculations and the results (Tin and x) comparing with those of Monte-Carlo simulations and experiments 

S g S* g* F W0 n N Our results Monte-Carlo Experiments 
(kHz) (kHz) 

Tm x Tm x Tm x 

Ruby a - 3  1.984 - ½  2.445 3 5 26 1100 49 gs 2 .59  54gs 2.6 50gs 2.4 
R ~ ( 3 )  

Ruby b --½ 1.984 --½ 2.445 3 5 26 1100 144gs 2.57 124gs 2.6 130~s 2 
RI(--½) 

Er 3 + :YLiF4 3 3 -~ 9 20 5 48 3000 11 gs 2.8 8.9 I~s 2.8 9 gs 1.6 
HIIc° 
Er 3+:YLiF4 ~ 8.1 3 0 20 5 48 3000 9 gs 2.6 10gs 2.8 10gs 2.4 
H ,£ c a 

Er 3+:LaF3 ° ~ 8.05 -~ 4.2 10 4 20 3000 19 gs 2.59 - - 19 gs 2.4 

Monte-Carlo: a,b Ref. [14], c,d Ref. [10]; Experiments: a,d,e Ref. [7], b Ref. [16], c Ref. [6]. 

experiments and Monte-Carlo simulations are 
summarized in Table 1. One can find that Monte 
Carlo and our methods give almost the same re- 
sults, so the average of the history by computer 
simulation can be well expressed analytically as the 
product  of many terms described by Eq. (3). Like 
the experimental observation, the samples in our 
calculations have a same echo decay form (x ~ 2.6), 
a n d  Tm is close to the experimental value. But for 
RI(--½) in ruby and Er3+:YLiF4(Hllc), which 
have small g factors in the ground states, our results 
give much larger x values similar to Monte-Carlo 
simulations. 

In each sample, when the g value is decreased, 
x gets smaller and it is same as Monte-Carlo simu- 
lation [14]. Let g = 0 (Hu-Har tmann  model), it is 
not frozen core, then the spin-flip rate is indepen- 
dent of the distance to the impurity ion. In ruby, 
H u - H a r t m a n n  model has predicted x = 2, Tm is 
proportional to the square root of the impurity 
ion's effective magnetic moment fl(g*S* - gS) [12] 
and T m ( - - ½ ) / T m ( 3 )  -= (7.6)1/z = 2.76. Table 2 
lists our results in this case. x is around 2, however 
they are little different in various samples. Our 
results give rm( -½) /T in ( - -~ )  = 2.8, which is very 
close to that of H u - H a r t m a n n  model. So the main 
conclusions of the two methods are the same, in 
spite of the order of historical and spatial averages. 

In the previous works, the ratio of Tm was esti- 
mated from the magnetic tuning rate [19]. In ruby, 

1 3 Tm(---i)/Tm(--g) = 7.6, which is larger than the 
experimental results was explained as the effect of 
frozen core [-4, 20]. In our calculations, with frozen 
core, the ratio of phase memory time in ruby 

1 3 rm(--g) /rm(--g)=2.9  (see Table 1), which 
changes a little from that without frozen core, 
which implies that the frozen core does not affect 
the ratio. In fact, the dephasing in Ref. [4] was 
dominated by Cr -Cr  spin flips and as confirmed by 
the later work [9] the small ratio cannot be due to 
frozen core. The decays in Ref. [20] were non- 
exponential and they separated the decays into two 
exponential parts so that the ratios were given from 
the final decay times. The ratio was about 3 which 
is close to our result, however, they still presented 
Cr -Cr  spin flips. We think that the small ratios in 
all cases are not due to frozen core, since, one can 
find that the ratio is even smaller in low magnetic 
field than in high field. Considering linear contribu- 
tion of the magnetic moment is the main reason for 
the large ratio 7.6 predicted by the theory. 

4. Conclusion 

In a very high magnetic field at low temper- 
atures, the photon-echo decay of dilute paramag- 
netic ion is under the superhyperfine limit, the only 
source of dephasing is the nuclear spin flips in the 
host lattice. The history of each spin flip can be well 
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3 i 3 +  Fig. 1. Calculated results of the echo-intensity decay in ruby (R1 (--5), RI(--5)) ,  Er : YLiF4(4Fg/2 ~ 411 s/2, H [] c-axis and H A_ c-axis) 
and Er 3 + : LaF3 (4S3/2 ~ 4I~ 5/2). The solid curves are the fitted results using the form Io exp -- (4t21/Tin) =. 

Table 2 
Calculation results (T m and x) without frozen core (Wo = 5 kHz) 

T m x 

Ruby 16 txs 2.2 
R I ( 3 )  

Ruby 44 ~ts 1.9 
RI(--½) 

Er 3 ÷ : YLiF4 4 Its 1.9 
HIIc 
Er 3÷ : YLiF4 3 p.s 2.1 
H_L c 

described as bivalued random-telegraph process, 
whose result is almost same as that of Monte-Carlo 
simulations. Frozen core has strong effect on the 
decay forms, but little on the ratio of phase memory  
time in a sample. Without  frozen core, our  calcu- 
lations coincide with that  of H u - H a r t m a n n  
method. 
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