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A B S T R A C T

We have tried to obtain the spectrum of internal bremsstrahlung photons which are released simultaneously with
beta particles and neutrinos from the 90Sr-90Y source in secular equilibrium. Detector parameters of the
5.08 cm × 5.08 cm NaI(Tl) detector are determined using standard calibration sources. A detector response
function is generated for a single-energy gamma photon using detector parameters and Monte Carlo method. The
Singular Value Decomposition (SVD) method is used for stripping of the detector response function effects from
the raw experimental spectrum. The stripped experimental data are compared with KUB theory and a different
stripping method that we used our former work on the same isotope. There is a much better agreement between
experimental and theoretical findings comparing the former experimental data.

1. Introduction

Internal bremsstrahlung (IB) spectrum is a weak, continuous elec-
tromagnetic radiation. The IB photon is emitted during the change in
the dipole moment of the electron-nucleus couple system owing to the
creation and separation of the electron and proton.

Total disintegration energy is shared between the IB photon, the
beta particle, the neutrino and the recoil nucleus. IB should not be
confused with external bremsstrahlung (EB) caused by loss of radiative
energy with other particles rather than the nucleus from which the
electron emerges [1].

First, Aston [2] experimentally demonstrated the existence of such
an event. Knipp and Uhlenbeck [3], and independently, Bloch [4] at the
same year developed the first theory using the Fermi polar vector in-
teraction for allowed transitions of beta. Subsequent researchers tried
to explain the IB event with new theoretical approaches for allowed and
forbidden transition, including the Coulomb and detour transition ef-
fect [5–9]. In this study, we have stripped or unfolded the effects of
detector response function (DRF) by SVD method from the experi-
mental data. Stripping procedure of IB spectrum with the approach of
SVD method was first discussed by in our study on the IB spectrum of
the 204Tl isotope [10]. The study has shown that this method can be
used effectively in stripping the raw spectrum from the effects of de-
tector response function. In this experimental setup, another beta
emitter 90Sr-90Y in secular equilibrium was used as source of IB.

Through this work, we have had the opportunity to compare the IB
results of SVD method with the ones obtained from Gold iteration
method of our previous work [11] for the same isotope.

We also compared the stripped data with KUB theory results. One
can find detailed information about having IB spectra by KUB theory as
well as Monte Carlo Method in the studies of Almaz and Cengiz [12]
and Cengiz and Almaz [13].

2. Experiment

90Sr has a first forbidden transition and disintegrates into the 90Y
radioisotope by releasing beta particles with endpoint energy of
546 keV. 90Y is a single first forbidden source of beta and has two
branches which decay to 90Zr isotope. The first branch emits a beta
particle with an endpoint energy of Em = 2277.4 keV and has a 99.98%
probability of disintegration. The second branch emits beta with an
endpoint energy of Em = 513 keV and has a 0.02% emitting probability
[14]. The actual IB photon spectrum is blurred by the detector response
function which means the response function effects are imposed on the
spectrum. In addition, the spectrum is highly affected by statistical
fluctuations. In order to have the true IB spectrum, the spectrum ob-
tained from the detector must be stripped from the response effects.

Using singular value decomposition technique, the effects of detector
response function were unfolded from the measured experimental spec-
trum as well as the statistical fluctuations were kept to a minimum. In the
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initial stage of the experiment, the magnetic deflection method, which is
one of the several methods used in IB experiments, was engaged to
prevent the beta from the source to enter the detector and release the EB.
With this setup, the possibility of external bremsstrahlung was kept to a
minimum by deflecting the beta particles and impinging them on low Z
material. Commercial NaI (Tl) detector of 5.08 cm × 5.08 cm was used
in the experiment. The typical resolution (FWHM) value of this detector
is about 7–8% for the 661.6 keV gamma of 137Cs.

5.08 cm × 5.08 cm NaI(Tl) scintillation crystal coupled directly to a
photomultiplier tube with a rigid, high refractive index, optical coupling
medium. The crystal and the matching photomultiplier tube were her-
metically sealed in a low mass light-tight housing having an aluminum
entrance window. The housing consists of a thin aluminum can around
the crystal connected to a mu-metal shield which surrounds the photo-
multiplier tube. Data from the detector were recorded on the Canberra
40 series MCA with appropriate amplifications and taken from a 2047
channel spectrometer. In the same counting period, the natural back-
ground was counted and subtracted from the raw spectrum. The ex-
perimental spectrum obtained is given in Fig. 1. The maximum energy
taken from the spectrometer of the IB photons of the β¯ particles with
endpoint energy of 2277.4 keV, as seen in Fig. 1 could be measured up to
the 1800th channel which means up to 1710 keV according to our ca-
libration. Therefore, IB photons emitted in energy greater than this en-
ergy have been neglected. Since the statistical fluctuations are high as
shown in Fig. 1, the channel width is increased to 1710 keV /
45 = 38 keV to smooth the spectrum and enable the spectrum stripping
process. This spectrum has been redrawn in Fig. 5 along with the re-
sponse function spectrum with a channel width of 38 keV.

Peak to total ratio (P/T), total and full energy peak efficiencies and
energy resolution of the detector were obtained for the DRFs. Depending
on the energy of the incoming gamma ray, the detector parameters were
fitted to the optimal values using the fit functions. The functions and fit
parameters with energy values in keV unit are given in Table 1.

The fit functions obtained are valid in the 10 keV ≤ E ≤ 1400 keV
energy region. Since the experimental deviations are high in full energy
peak and total efficiency values in the energy region less than 60 keV,
deviations in fit functions are also high in this region. Therefore there is
a mismatch between functions such as Ep > Et. In the experiment with
5.08 cm × 5.08 NaI (Tl) detector, full energy peak efficiency, Ep

function is used and the total efficiency, Et, function is not chosen for
the reason given above. So, we prefer to use P/T polynomial function
for defining the peak to total ratio. Since the P/T function takes values
greater than 1 in the region of E < 24 keV, P/T ratios are taken as 1.

3. Spectral stripping and data analysis

The 90Sr radioactive source having an activity of 10 µCi was counted
on the detector for more than 100 h until having a sufficient statistical

data. The pulse-height distribution obtained in the detector and the
photon distribution to the detector will be completely different con-
sidering all energy values. No matter how good your detector is, the
measured experimental spectrum and the energy spectrum of the in-
coming photon will not be the same. However, true spectrum mea-
surements, especially in dosimetry, are of great importance in the
measurement of air-kerma ratios for γ and x-rays, and the stopping
power of γ-rays. In radiation detection, the Gaussian distribution (in
relation to the detector resolution function) is actually folded into the
measured spectrum. If we want to express that mathematically, folded
spectrum (pulse height spectrum obtained from experiment) M (E′) can
be written in the form,

=M E R E E S E dE( ) ( , ) ( ) .
0 (1)

Here S (E) is the incoming spectrum of photon and R (E′, E) is the
detector response function. This function is actually the first order
Fredholm integral which is frequently encountered in engineering and
basic sciences [15]. This integral can be expressed in discrete matrix
form:
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Here, the probability Rij is the probability that an incident gamma
ray energy falling into the energy bin i, is counted in the bin j. The main
task here is to extract the incoming photon spectrum from the measured
spectrum using the most appropriate stripping method.

3.1. Obtaining DRFs

The photons counted in the photopeak region of the response
function can be obtained by

=N N .P P y (3)

Here εp is the full energy peak efficiency given in Table 1. Np and Ny

are the photons counted in photopeak region and photons emitted from
the source respectively. The number of photons counted in Compton
region can be calculated from the expression,

=N N 1 1 .C P
PT (4)

where εPT is the peak to total ratio and can be expressed as,

= N
N

.PT
P

S (5)

where Ns is defined as the number of photons counted in the detector
and formulated as Ns = Nc + Np. Once the Np and Nc values were
determined, the detector response functions were normalized to 1 by
dividing the number of photons emitted from the source

which is taken as a constant Ny = 107 for each calculated photon
energy. Thus, the numbers obtained in response functions gives the
counting probability on the relevant channel of a photon emitted from
the source. The Compton edge corresponding to Ej energy is calculated
from,
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The Nc photons falling in the Compton region are shared equally to
the channels whose width is ΔEj. The photons falling on the photopeak
region and the channels in the Compton region were distributed to the
Gaussian function with a standard deviation σj by Gauss distribution
sampling. If the energy left by the photon to the detector is Ej, Gauss
distribution which gives the pulse height distribution of the photon due
to the detector resolution is,

Fig. 1. Background corrected experimental photon spectrum from the 90Sr-90Y
beta source counted in NaI (Tl) detector system. Calibration of the detector and
detector response functions of NaI(Tl) detector were determined using standard
gamma source isotopes 241Am, 137Cs, 22Na and 60Co.
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where Ep is the detected photon energy as a puls height. The standard
deviation depending on the resolution function is calculated from,

= E R
2.35482

.j j (8)

where Ej is the photon energy and R is the energy resolution function
given in Table 1.

Rejection Method was used in sampling of Gauss distribution with
Monte Carlo Method. Each of the Gauss Distributions is sampled in the
range of −3σ to + 3σ which covers 99.7% of the distribution. The basic
Monte Carlo principle has been applied to the rectangular (uniform
distribution) rejection function as,
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and that gives,

= +E E q · 6 .min (10)

where q is a random number with uniform distribution in the range of 0
to 1, Emin = Ej − 3σj and Emax = Ej + 3σj, (j = 1,2,3, …, n, n + 1). Here
E = E1, E2, E3, …, En are the energy values of the Compton region
divided into n-pieces of energy regions and En + 1 = E is the energy
value of the gamma corresponding to the photopeak emitted from the
source. The midpoint of each energy region was chosen as the energy
value. By generating a random number q, Ep value was obtained from
the Eq. (10). Generating a second random number q, the condition was
checked as,

<q e .E Ej( ) /2p j2 2
(11)

If the condition is fulfilled, this Ep value is counted in the relevant
sub energy region, if the condition is not met, the process is repeated
[16]. Thus, the response function of an E energy of gamma source is
obtained. Fig. 2 shows how DRFs are obtained graphically. Each bin is
contributed by Gaussian distribution due to the detector resolution
from adjacent bins.

3.2. Singular value decomposition (SVD)

The SVD method has become a widely used calculation tool in
statistical data analyses, signal processing, system identification, con-
trol system analysis and including spectral estimation. The object of
studying the SVD of a matrix is to build approximations of the full
m × n matrix by only using a number of the terms of the diagonal
matrix in the decomposition process. This approximation of the full
matrix is the basis of response compression. Using SVD, the m × n-sized

response matrix compressed in DRFs can thus be unfolded, since the
counts in each bin of the detector system form a matrix element in the
response matrix. The key here is to determine the singular values (Σ).
Singular values follow a decreasing sequence. The first singular value is
larger and the subsequent ones are in decreasing order.

R is a real and m × n-sized matrix, SVD is the factorization of this
matrix form of R = U Ʃ VT, where U, m × m size orthogonal matrix (U
UT = UT U = I), V represents n × n dimensional orthogonal matrix (V
VT = VT V = I) and Ʃ represents m × n non-negative diagonal matrix.
Ʃij elements can be expressed as Ʃij = 0 for i ≠ j and Ʃii ≡ σi ≥ 0. Here,
the σi numbers are called singular values of matrix R. The singular
values contain valuable information about the properties of a matrix.
For example, if R itself is orthogonal, all singular values of σi are equal
to 1, if R is degenerated; at least one singular value of σi becomes equal
to zero [18–21]. Fig. 3 illustrates the SVD process visually.

In fact, the rank of a matrix is the number of individual non-zero
values. If the right side of the matrix and /or equation of a linear system
are known with a certain level of uncertainty, and some singular values
of the matrix are significantly smaller than others, the system may be
difficult to solve even if the matrix is fully ordered. In many ways, such
matrices behave like degenerate ones, and SVD proposes a method to
solve such problems which are common to small and completely zero
singular values. We assume that the individual values σi form a non-
incrementing frequency sequence. The decomposition of an R matrix
contains the diagonal Ʃ matrix of size m × n and can be written in the
form of a matrix:

(3)

Here, D is a diagonal r × r size matrix for r values not exceeding the

Table 1
The functions and the fit parameters for the energy resolution, full energy peak and total efficiencies and peak to total ratio values for the 5.08 cm × 5.08 cm NaI (Tl)
detector.

Function Name and Expression Parameters

p1 p2 p3 p4 p5

Energy Resolution (%): = = +( )R p e p EE
E

p E p
1 2 3 4 264.36 −0.063791 102.65 −0.4089 –

Full Energy Peak Efficiency (%)*: = + +p e p p xP

x p
p1

( 2)2

2 3
2

4 5

54.4431 −0.6122 6.3579 −59.5702 4.7409

Total Efficiency (%)*: = + +p e p p xt

x p
p1

( 2)2

2 3
2

4 5

125.1604 −2.9050 8.9923 −124.2825 8.1094

Peak/Total Ratio (P/T)*: = + + + +p x p x p x p x1PT 1 2
2

3
3

4
4 0.083399 −0.028217 7.4∙10−4 −6.9∙10−5 –

* =x E keVln ( ).

Fig. 2. Displaying of counts in each channel of the photon spectrum measured
in the detector [17].
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smaller ones of m and n (if r is equal to m or n or both, some or all of the
zero matrices are not visible) [19].

Comprehensive explanations and many technical details and ex-
amples of SVD can be found in literature [22,23]. Indeed, one of the
most attractive features of this process is that you do not have to cal-
culate SVD manually. In addition, we have used the SVD subroutine
that exists under the MatlabTM program. Accordingly, we created the
experimentally obtained values in the form of column matrix. By using
Monte Carlo method and detector parameters, as described above, the
detector response in the form of a matrix of m × n size was created. The
matrices which are generated were entered into Matlab program as txt
–ascii code and consequently SVD method was applied. When the ma-
trix is decomposed into the form of R = U Ʃ VT, its properties can be
easily analyzed and very easy to manipulate. Such an analysis is very
useful for poorly defined linear systems with almost (or even fully)
degenerate matrices, because it not only identifies the difficulty, but
can also suggest ways to overcome it. If we try to solve the problem
directly from the inverse solution without using approaches like SVD or
the Gold iteration method that we have used before, the direct inverse
solution of the response matrix , namely the inverse solution of S = R-
1M, brought undesirable negative solutions in the solution vector S as in
Fig. 4. The reason for this situation is thought to be due to the very large
reflection of small statistical deviations in the response matrix to the
result in the high energy region. As predicted in the literature [24],
negative values were obtained after certain energy. Since the detector
response matrix is high-dimensional and the IB photon energy is

divided into certain energy ranges (channels), there are negative phy-
sical results from the inverse solution due to statistical fluctuations
between neighboring channels. Therefore, we need different methods
for approaching to strip the effects of the detector response function. No
matter how good the response matrix you are setting up, even a small
fluctuation between channels is greatly reflected in the resulting
stripped spectrum. Compared with the Gold Iteration method [11] that
we applied earlier, better results were obtained in the IB spectrum for
the 90Sr-90Y isotope by SVD method.

4. Results and discussion

Fig. 5 shows the raw detector spectrum of the 90Sr with the back-
ground correction. This spectrum forms the M (E) values used in the Eq.
(2) and the spectrum values taken as the sum of the values of the
column of the response matrix obtained in 45 × 48 matrix dimensions.

We solved the SVD problem for DRFs by writing code in Matlab™. As
can be seen in Fig. 6, when the data obtained is plotted, it is observed
that the SVD solution fits very well with the KUB theory values up to the
experimental energy limit of 1400 keV for DRFs. Furthermore, the
unfolded experimental values gathered by Gold Iteration Method from
our former study are also shown in the graph [11].

In IB studies with almost all forbidden beta transitions, a positive
deviation in the high energy region is observed between experimental
data and theoretical values [25–28]. As a result of the experiment
performed in this study, statistically robust data could be obtained up to

Fig. 3. Visualization of the matrix multiplications in singular value decomposition.

Fig. 4. Result spectrum with negative values obtained by taking the direct inverse of the response matrix.
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1400 keV in the energy limit of the experiment with NaI (Tl) detector,
although SVD approximation values are compatible with experimental
values up to 1700 keV energy limit. Statistically accurate data were not
observed in the channels after this energy. There are several reasons
behind the deviations in the high energy region. First, failure to es-
tablish the detector response matrix accurately can cause deviation
from the actual IB spectrum after stripping. Nuclear virtual gamma
transitions (detour transitions) show an increase in the spectrum
overlying the internal bremsstrahlung spectrum [7]. Another factor is
the limitation of counting statistics due to the low probability of IB as it
approaches the end of the energy spectrum. This creates a fluctuation
on the actual data. However, when the Fig. 6 is examined, the experi-
mental results stripped by the SVD method show a very good agreement
with KUB theory between 50 keV and 1400 keV. It is easily seen that
this result is better than our former study [11] in which Gold iteration
method is applied for the stripping process for the same radioisotope.
Here it is possible to draw the following result: Gold iteration method is
much more affected by statistical fluctuations than SVD method, which

corresponds to the deviations from the theoretical values in the stripped
spectrum as shown in Fig. 6. In the SVD method, statistical deviations
were observed much less, which means that the method is more stable
at each energy value. In addition, it is concluded that the detector
parameters of the response matrix are determined very well and the
detector response function generated for each energy value of the
gamma obtained by Monte Carlo method along with the detector
parameters is applied in a very good simulation.
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Fig. 5. Experimental background corrected photon spectrum of 90Sr-90Y isotope
obtained by taking the channel width 38 keV and detector response matrix
normalized to the experimental values.

Fig. 6. Comparisons of the spectra in a semi-log plot: Applying the SVD method
to experimental spectrum, KUB theory result, Gold iteration method from the
former study and the raw energy spectrum. All spectra are normalized ac-
cording to raw spectrum and showed as photons per steradian per energy bin
versus energy.
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